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Abstract. Quantum entanglement of pure states of a bipartite system is defined as the amount
of local or marginal (i.e. referring to the subsystems) entropy. For mixed states this identification
vanishes, since the global loss of information about the state makes it impossible to distinguish
between quantum and classical correlations. Here we show how the joint knowledge of the global
and marginal degrees of information of a quantum state, quantified by the purities or in general by
information entropies, provides an accurate characterization of its entanglement. In particular, for
Gaussian states of continuous variable systems, we classify the entanglement of two–mode states
according to their degree of total and partial mixedness, comparing the different roles played by
the purity and the generalized p−entropies in quantifying the mixedness and bounding the entan-
glement. We prove the existence of strict upper and lower bounds on the entanglement and the
existence of extremally (maximally and minimally) entangled states at fixed global and marginal
degrees of information. This results allow for a powerful, operative method to measure mixed-
state entanglement without the full tomographic reconstruction of the state. Finally, we briefly
discuss the ongoing extension of our analysis to the quantification of multipartite entanglement
in highly symmetric Gaussian states of arbitrary 1×N-mode partitions.
1. Introduction
According to Erwin Schro¨dinger, quantum entanglement is not “one but rather
the characteristic trait of quantum mechanics, the one that enforces its entire de-
parture from classical lines of thought” [1]. Entanglement has been widely rec-
ognized as a fundamental aspect of quantum theory, stemming directly from the
superposition principle and quantum non factorizability. Remarkably, it is now
also acknowledged as a fundamental physical resource, much on the same status
as energy and entropy, and as a key factor in the realization of information pro-
cesses otherwise impossible to implement on classical systems. Thus the degree of
entanglement and information are the crucial features of a quantum state from the
point of view of Quantum Information Theory [2]. Indeed, the search for proper
mathematical frameworks to quantify such features in generic (mixed) quantum
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states cannot be yet considered accomplished. In view of such considerations, it
is clear that the full understanding of the relationships between the quantum cor-
relations contained in a multipartite state and the global and local (i.e. referring
to the reduced states of the subsystems) degrees of information of the state, is of
critical importance. In particular, it would represent a relevant step towards the
clarification of the nature of quantum correlations and, possibly, of the distinction
between quantum and classical correlations of mixed states [3]. The main question
we want to address in this work is:
What can we say about the quantum correlations existing between the
subsystems of a quantum multipartite system in a mixed state, if we
know the degrees of information carried by the global and the reduced
states?
We can anticipate that the answer will be “almost everything” in the context
of Gaussian states of continuous variable systems. To this aim, we will start by
briefly reviewing in Sec. 2. the properties of Gaussian states in infinite–dimensional
Hilbert spaces, and the concepts of information and entanglement. In Sec. 3. we
will show, step by step, how the entanglement of two–mode Gaussian states can
be accurately characterized by the knowledge of global and marginal degrees of
information, quantified by the purities, or by the generalized entropies of the global
state and of the reduced states of the subsystems. In Sec. 4. we will give a brief
sketch of the generalization of our methods to the quantification of multipartite
entanglement in multimode Gaussian states under symmetry. Finally, in Sec. 5.
we will summarize our results and discuss future perspectives.
2. Gaussian states: general properties
We consider a continuous variable (CV) system consisting of N canonical
bosonic modes, associated to an infinite-dimensional Hilbert space and described
by the vector Xˆ = {xˆ1, pˆ1, . . . , xˆN , pˆN} of the field quadrature (“position” and
“momentum”) operators. The quadrature phase operators are connected to the an-
nihilation aˆi and creation aˆ
†
i operators of each mode, by the relations xˆi = (aˆi+ aˆ
†
i )
and pˆi = (aˆi − aˆ†i )/i. The canonical commutation relations for the Xˆi’s can be
expressed in matrix form: [Xˆi, Xˆj ] = 2iΩij , with the symplectic form Ω = ⊕ni=1ω
and ω = δij−1 − δij+1, i, j = 1, 2.
Quantum states of paramount importance in CV systems are the so-called
Gaussian states, i.e. states with Gaussian characteristic functions and quasi–
probability distributions [4]. The interest in this special class of states (important
examples are vacua, coherent, squeezed and thermal states of the electromagnetic
field) stems from the feasibility to produce and control them with linear optics,
and from the increasing number of efficient proposals and successful experimen-
tal implementations of CV quantum information and communication processes
involving multimode Gaussian states (see [5] for a recent review). By definition,
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a Gaussian state is completely characterized by first and second moments of the
canonical operators. When addressing physical properties invariant under local
unitary transformations, such as the mixedness and the entanglement, one can ne-
glect first moments and completely characterize Gaussian states by the 2N × 2N
real covariance matrix (CM) σ, whose entries are σij = 1/2〈{Xˆi, Xˆj}〉− 〈Xˆi〉〈Xˆj〉.
Throughout the paper, σ will be used indifferently to indicate the CM of a Gaus-
sian state or the state itself. A real, symmetric matrix σ must fulfill the Robertson-
Schro¨dinger uncertainty relation [6]
σ + iΩ ≥ 0 , (1)
to be a bona fide CM of a physical state. Symplectic operations (i.e. belonging
to the group Sp(2N,R) = {S ∈ SL(2N,R) : STΩS = Ω}) acting by congruence
on CMs in phase space, amount to unitary operations on density matrices in
Hilbert space. In phase space, any N -mode Gaussian state can be transformed by
symplectic operations in its Williamson diagonal form ν [7], such that σ = STνS,
with ν = diag {ν1, ν1, . . . νN , νN}. The set Σ = {νi} constitutes the symplectic
spectrum of σ and its elements must fulfill the conditions νi ≥ 1, following from
Eq. (1) and ensuring positivity of the density matrix associated to σ. We remark
that the full saturation of the uncertainty principle can only be achieved by pure
N -mode Gaussian states, for which νi = 1 ∀i = 1, . . . , N . Instead, mixed states
such that νi≤k = 1 and νi>k > 1, with 1 ≤ k ≤ N , only partially saturate the
uncertainty principle, with partial saturation becoming weaker with decreasing k.
The symplectic eigenvalues νi can be computed as the orthogonal eigenvalues of
the matrix |iΩσ|, so they are determined by N symplectic invariants associated
to the characteristic polynomial of such a matrix. Two global invariants which
will be useful are the determinant Detσ =
∏
i ν
2
i and the seralian [8] ∆ =
∑
i ν
2
i ,
which is the sum of the determinants of all the 2 × 2 submatrices of σ related to
each mode.
The degree of information about the preparation of a quantum state ̺ can be
characterized by its purity µ ≡ Tr ̺2. For a Gaussian state with CM σ one has
simply µ = 1/
√
Detσ [9]. In general, the mixedness, or lack of information about
the preparation of the state, can be quantified by generalized entropic measures,
such as the Bastiaans–Tsallis entropies [10, 11] Sp ≡ (1 − Tr ̺p)/(p − 1), which
reduce to the linear entropy SL = 1 − µ for p = 2, and the Re´nyi entropies [12]
SRp ≡ (log Tr ̺p)/(1− p). Both entropic families are parametrized by p > 1 and it
can be easily shown that limp→1+ Sp = limp→1+ S
R
p = −Tr (̺ log ̺) ≡ SV , so that
also the Shannon-von Neumann entropy SV can be defined in terms of generalized
entropies. The quantity SV is additive on tensor product states and provides a
further convenient measure of mixedness of the quantum state ̺.
As for the entanglement, we recall that positivity of the CM’s partial transpose
(PPT) [13] is a necessary and sufficient condition of separability for (N + 1)-
mode Gaussian states with respect to 1×N -mode partitions [14]. In phase space,
partial transposition amounts to a mirror reflection of one quadrature associated
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to the single-mode partition. If {ν˜i} is the symplectic spectrum of the partially
transposed CM σ˜, then a (N +1)-mode Gaussian state with CM σ is separable if
and only if ν˜i ≥ 1 ∀ i. A convenient measure of CV entanglement is the logarithmic
negativity [15] EN ≡ log ‖ ˜̺‖1, ‖ · ‖1 denoting the trace norm, which constitutes
an upper bound to the distillable entanglement of the quantum state ̺. It can be
readily computed in terms of the symplectic spectrum ν˜i of σ˜, yielding [16]
EN =
{
0, ν˜i ≥ 1 ∀ i ;
−∑i:ν˜i<1 log ν˜i , else . (2)
The logarithmic negativity quantifies the extent to which the PPT condition ν˜i ≥ 1
is violated.
3. Characterizing two–mode entanglement by information measures
3.1. Parametrization of Gaussian states with symplectic invariants
Two–mode Gaussian states represent the prototypical quantum states of CV
systems. Their CM can be written is the following block form
σ ≡
(
α γ
γT β
)
, (3)
where the three 2 × 2 matrices α, β, γ are, respectively, the CMs of the two
reduced modes and the correlation matrix between them. It is well known that for
any two–mode CM σ there exists a local symplectic operation Sl = S1⊕S2 which
takes σ to the so called standard form σsf [17]
STl σSl = σsf ≡


a 0 c+ 0
0 a 0 c−
c+ 0 b 0
0 c− 0 b

 . (4)
States whose standard form fulfills a = b are said to be symmetric. Let us recall
that any pure state is symmetric and fulfills c+ = −c− =
√
a2 − 1. The uncertainty
principle Ineq. (1) can be recast as a constraint on the Sp(4,R) invariants Detσ and
∆(σ) = Detα + Detβ + 2Detγ, yielding ∆(σ) ≤ 1 + Detσ. The symplectic
eigenvalues of a two–mode Gaussian state will be named ν− and ν+, with ν− ≤ ν+
in general. A simple expression for the ν∓ can be found in terms of the two Sp(4,R)
invariants [8]
2ν2∓ = ∆(σ)∓
√
∆(σ)2 − 4Detσ . (5)
The standard form covariances a, b, c+, and c− can be determined in terms of
the two local symplectic invariants
µ1 = (Detα)
−1/2 = 1/a , µ2 = (Detβ)
−1/2 = 1/b , (6)
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which are the marginal purities of the reduced single–mode states, and of the two
global symplectic invariants
µ = (Detσ)−1/2 = [(ab− c2+)(ab− c2−)]−1/2 , ∆ = a2 + b2 + 2c+c− , (7)
which are the global purity and the seralian, respectively. Eqs. (6-7) can be in-
verted to provide the following physical parametrization of two–mode states in
terms of the four independent parameters µ1, µ2, µ, and ∆ [18]:
a =
1
µ1
, b =
1
µ2
, c± =
√
µ1µ2
4
(
ǫ− ± ǫ+
)
, (8)
with ǫ∓ ≡
√[
∆− (µ1 ∓ µ2)
2
µ21µ
2
2
]2
− 4
µ2
.
The uncertainty principle and the existence of the radicals appearing in Eq. (8)
impose the following constraints on the four invariants in order to describe a phys-
ical state
0 ≤ µ1,2 ≤ 1 , (9)
µ1µ2 ≤ µ ≤ µ1µ2
µ1µ2 + |µ1 − µ2| , (10)
2
µ
+
(µ1 − µ2)2
µ21µ
2
2
≤ ∆ ≤ 1 + 1
µ2
. (11)
The physical meaning of these constraints, and the role of the extremal states
(i.e. states whose invariants saturate the upper or lower bounds of Eqs. (10-11)) in
relation to the entanglement, will be carefully investigated in the next subsections.
In terms of symplectic invariants, partial transposition corresponds to flipping
the sign of Detγ, so that ∆ turns into ∆˜ = ∆− 4Detγ = −∆+2/µ21+2/µ22. The
symplectic eigenvalues of the CM σ and of its partial transpose σ˜ are promptly
determined in terms of symplectic invariants
2ν2∓ = ∆∓
√
∆2 − 4
µ2
, 2ν˜2∓ = ∆˜∓
√
∆˜2 − 4
µ2
. (12)
The PPT criterion yields a state σ separable if and only if ν˜− ≥ 1. A bona fide
measure of entanglement for two–mode Gaussian states should thus be a mono-
tonically decreasing function of ν˜− [19], quantifying the violation of the previous
inequality. A computable entanglement monotone for generic two-mode Gaussian
states is provided by the logarithmic negativity Eq. (2)
EN = max{0,− log ν˜−} . (13)
In the special instance of symmetric Gaussian states, the entanglement of forma-
tion [20] is also computable [21] but, being again a decreasing function of ν˜−, it
provides the same characterization of entanglement and is thus fully equivalent to
the logarithmic negativity in this subcase.
6 G. Adesso, A. Serafini, and F. Illuminati
3.2. Entanglement vs Information (I) – Maximal entanglement at
fixed global purity
The first step towards giving an answer to our original question is to inves-
tigate the properties of extremally entangled states at a given degree of global
information. Let us mention that, for two–qubit systems, the existence of maxi-
mally entangled states at fixed mixedness (MEMS) was first found numerically by
Ishizaka and Hiroshima [22]. The discovery of such states spurred several theo-
retical works [23], aimed at exploring the relations between different measures of
entanglement and mixedness [24] (strictly related to the questions of the ordering
of these different measures [25], and to the volume of the set of mixed entangled
states [26]).
Unfortunately, it is easy to show that a similar analysis in the CV scenario
is meaningless. Indeed, for any fixed, finite global purity µ there exist infinitely
many Gaussian states which are infinitely entangled. As an example, we can
consider the class of (nonsymmetric) two–mode squeezed thermal states. Let Sr =
exp(12ra1a2 − 12ra†1a†2) be the two mode squeezing operator with real squeezing
parameter r ≥ 0, and let ̺⊗νi be a tensor product of thermal states with CM νν∓ =
12ν−⊕12ν+, where ν∓ is, as usual, the symplectic spectrum of the state. Then, a
nonsymmetric two-mode squeezed thermal state ξνi,r is defined as ξνi,r = Sr̺
⊗
νiS
†
r ,
corresponding to a standard form with
a = ν− cosh
2 r + ν+ sinh
2 r , b = ν− sinh
2 r + ν+ cosh
2 r , (14)
c± = ±ν− + ν+
2
sinh 2r .
For simplicity we can consider the symmetric instance (ν− = ν+ = 1/
√
µ) and com-
pute the logarithmic negativity Eq. (13), which takes the expression EN (r, µ) =
−(1/2) log[e−4r/µ]. Notice how the completely mixed state (µ → 0) is always
separable while, for any µ > 0, we can freely increase the squeezing r to obtain
Gaussian states with arbitrarily large entanglement. For fixed squeezing, as natu-
rally expected, the entanglement decreases with decreasing degree of purity of the
state, analogously to what happens in discrete–variable MEMS [24].
3.3. Entanglement vs Information (II) – Maximal entanglement at
fixed local purities
The next step in the analysis is the unveiling of the relation between the entan-
glement of a Gaussian state of CV systems and the degrees of information related
to the subsystems. Maximally entangled states for given marginal mixednesses
(MEMMS) have been recently introduced and analyzed in detail in the context
of qubit systems by Adesso et al. [27]. The MEMMS provide a suitable general-
ization of pure states, in which the entanglement is completely quantified by the
marginal degrees of mixedness.
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(a) (b)
Fig. 1: Plot of the maximal entanglement achievable by quantum systems with given marginal
linear entropies: (a) logarithmic negativity of continuous variable GMEMMS, which saturate the
upper bound of inequality (10); (b) tangle of two–qubit MEMMS, introduced in Ref. [27].
For two–mode Gaussian states, it follows from the expression Eq. (12) of ν˜−
that, for fixed marginal purities µ1,2 and seralian ∆, the logarithmic negativity
is strictly increasing with increasing µ. By imposing the saturation of the upper
bound of Eq. (10), µ = µmax(µ1,2) ≡ (µ1µ2)/(µ1µ2 + |µ1 − µ2|), we determine the
most pure states for fixed marginals; moreover, choosing µ = µmax(µ1,2) immedi-
ately implies that the upper and the lower bounds on ∆ of Eq. (11) coincide and
∆ is uniquely determined in terms of µ1,2. This means that the two–mode states
with maximal purity for fixed marginals are indeed the Gaussian maximally entan-
gled states for fixed marginal mixednesses (GMEMMS). They can be seen as the
CV analogues of the MEMMS. In Fig. 1 the logarithmic negativity of GMEMMS
is plotted (a) as a function of the marginal linear entropies SL1,2 ≡ 1 − µ1,2,
in comparison (b) with the behaviour of the tangle (an entanglement monotone
equivalent to the entanglement of formation for two qubits [28]) as a function
of SL1,2 for discrete variable MEMMS. Notice, as a common feature, how the
maximal entanglement achievable by quantum mixed states rapidly increases with
increasing marginal mixednesses (like in the pure–state instance) and decreases
with increasing difference of the marginals. This is natural, because the presence
of quantum correlations between the subsystems implies that they should possess
similar amounts of quantum information. Let us finally mention that the “min-
imally” entangled states for fixed marginals, which saturate the lower bound of
Eq. (10) (µ = µ1µ2), are just the tensor product states, i.e. states without any
(quantum or classical) correlations between the subsystems.
3.4. Entanglement vs Information (III) – Extremal entanglement at
fixed global and local purities
What we have shown so far, by simple analytical bounds, is a general trend
of increasing entanglement with increasing global purity, and with decreasing
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marginal purities and difference between them. We now wish to exploit the joint
information about global and marginal degrees of purity to achieve a significa-
tive characterization of entanglement, both qualitatively and quantitatively. Let
us first investigate the role played by the seralian ∆ in the characterization of
the properties of Gaussian states. To this aim, we analyse the dependence of the
eigenvalue ν˜− on ∆, for fixed µ1,2 and µ:
∂ ν˜2−
∂ ∆
∣∣∣∣
µ1, µ2, µ
=
1
2

 ∆˜√
∆˜2 − 14µ2
− 1

 > 0 . (15)
The smallest symplectic eigenvalue of the partially transposed state is strictly
monotone in ∆. Therefore the entanglement of a generic Gaussian state σ with
given global purity µ and marginal purities µ1,2, strictly increases with decreas-
ing ∆. The seralian ∆ is thus endowed with a direct physical interpretation: at
given global and marginal purities, it determines the amount of entanglement of
the state. Moreover, due to inequality (11), ∆ is constrained both by lower and
upper bounds; therefore, not only maximally but also minimally entangled Gaus-
sian states exist. This fact admirably elucidates the relation between quantum
correlations and information in two–mode Gaussian states: the entanglement of
such states is tightly bound by the amount of global and marginal purities, with
only one remaining degree of freedom related to the invariant ∆ [29].
We now aim to characterize extremally (maximally and minimally) entangled
Gaussian states for fixed global and marginal purities. Let us first consider the
states saturating the lower bound in Eq. (11), which entails maximal entanglement
and defines the class of Gaussian most entangled states for fixed global and local
purities (GMEMS). It is easily seen that such states belong to the class of asym-
metric two–mode squeezed thermal states Eq. (14), with squeezing parameter and
symplectic spectrum
tanh 2r = 2(µ1µ2 − µ21µ22/µ)1/2/(µ1 + µ2) , (16)
ν2∓ =
1
µ
+
(µ1 − µ2)2
2µ21µ
2
2
∓ |µ1 − µ2|
2µ1µ2
√
(µ1 − µ2)2
µ21µ
2
2
+
4
µ
. (17)
Nonsymmetric two–mode thermal squeezed states turn out to be separable in the
range
µ ≤ µ1µ2
µ1 + µ2 − µ1µ2 . (18)
As a consequence, all Gaussian states whose purities fall in the separable region
defined by inequality (18) are not entangled.
We next consider the states that saturate the upper bound in Eq. (11). They
determine the class of Gaussian least entangled states for given global and local
purities (GLEMS) and, outside the separable region (where every Gaussian state
can be considered a GLEMS having zero entanglement), they fulfill ∆ = 1+1/µ2.
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Degrees of Purity Regions
µ < µ1µ2 unphysical
µ1µ2 ≤ µ ≤
µ1µ2
µ1+µ2−µ1µ2
separable
µ1µ2
µ1+µ2−µ1µ2
< µ ≤ µ1µ2√
µ2
1
+µ2
2
−µ2
1
µ2
2
coexistence
µ1µ2√
µ2
1
+µ2
2
−µ2
1
µ2
2
< µ ≤ µ1µ2
µ1µ2+|µ1−µ2|
entangled
µ > µ1µ2
µ1µ2+|µ1−µ2|
unphysical
Table I
Fig. 2: Summary of entanglement properties of two–mode Gaussian states in the space of
marginal purities µ1,2 (x- and y-axes) and global purity µ (on the z-axis we plot the ratio µ/µ1µ2
to gain a better graphical distinction between the various regions). In this space, all physical states
lay between the horizontal plane z = 1 representing product states, and the upper limiting surface
representing GMEMMS (see Fig. 1a). Separable and entangled states are well distinguished except
for a narrow coexistence region (depicted in black). The first ones fill the region depicted in dark
grey, while in the area containing only entangled states the average logarithmic negativity Eq. (23)
grows from white to medium grey. The mathematical relations defining the boundaries between
all these regions are collected in Table I. The 3D envelope is cut at z = 3.5.
This relation implies that the symplectic spectrum of these states takes the form
ν− = 1, ν+ = 1/µ. We thus find that GLEMS are mixed Gaussian states of partial
minimum uncertainty, so in some sense they are the most classical ones and this
is consistent with their property of having minimal entanglement. According to
the PPT criterion, GLEMS are separable only if µ ≤ µ1µ2/
√
µ21 + µ
2
2 − µ21µ22.
Therefore, in the range
µ1µ2
µ1 + µ2 − µ1µ2 < µ ≤
µ1µ2√
µ21 + µ
2
2 − µ21µ22
(19)
both separable and entangled states can be found. Instead, the region
µ >
µ1µ2√
µ21 + µ
2
2 − µ21µ22
(20)
can only accomodate entangled states. The very narrow region defined by inequal-
ity (19) is thus the only region of coexistence of both entangled and separable
Gaussian mixed states. The discrimination of the different zones provides strong
necessary or sufficient conditions for the entanglement in terms of the degrees of
information, and allows to classify the separability of all two-mode Gaussian states
according to their global and marginal purities, as shown in Fig. 2.
Knowledge of µ1,2 and µ thus accurately qualifies the entanglement of Gaussian
states: as we will now show, quantitative knowledge of the local and global purities
provides a reliable quantification of entanglement as well. Outside the separable
region (see Table I in Fig. 2), GMEMS attain maximum logarithmic negativity
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ENmax(µ1,2, µ), while, in the entangled region, GLEMS acquire minimum loga-
rithmic negativity ENmin(µ1,2, µ), where
ENmax = −1
2
log

− 1
µ
+
(
µ1 + µ2
2µ21µ
2
2
)µ1 + µ2 −
√
(µ1 + µ2)2 − 4µ
2
1µ
2
2
µ



, (21)
ENmin = −1
2
log

 1
µ21
+
1
µ22
− 1
2µ2
− 1
2
−
√(
1
µ21
+
1
µ22
− 1
2µ2
− 1
2
)2
− 1
µ2

.(22)
Knowledge of the full CM, i.e. including the symplectic invariant ∆ or all the
cross-correlations, would allow for an exact quantification of the entanglement.
However, we will now show that an estimate based only on the knowledge of
the experimentally measurable global and marginal purities turns out to be quite
accurate. We will quantify the entanglement of Gaussian states with given global
and marginal purities by the “average logarithmic negativity” E¯N [29]
E¯N (µ1,2, µ) ≡ ENmax(µ1,2, µ) +ENmin(µ1,2, µ)
2
. (23)
We can then also define the relative error δE¯N on E¯N as
δE¯N (µ1,2, µ) ≡ ENmax(µ1,2, µ)−ENmin(µ1,2, µ)
ENmax(µ1,2, µ) +ENmin(µ1,2, µ)
. (24)
It is easily seen that this error decreases exponentially both with increasing global
purity and decreasing marginal purities, i.e. with increasing entanglement. For
ease of graphical display, let us consider the important case of symmetric Gaussian
states, for which the reduction µ1 = µ2 ≡ µi occurs. In Fig. 3, ENmax(µi, µ) of
Eq. (21) and ENmin(µi, µ) of Eq. (22) are plotted versus µi and µ. In the case
µ = 1 the upper and lower bounds correctly coincide, since for pure states the
entanglement is completely quantified by the marginal purity. For mixed states
this is not the case, but, as the plot shows, knowledge of the global and marginal
purities strictly bounds the entanglement both from above and from below. The
relative error δE¯N (µi, µ) given by Eq. (24) is plotted in Fig. 4 as a function of
the ratio µ/µi. It decays exponentially, dropping below 5% for µ > µi. Thus
the reliable quantification of quantum correlations in genuinely entangled states is
always assured by this method, except at most for a small set of states with very
weak entanglement (states with EN . 1). Moreover, the accuracy is even greater
in the general non-symmetric case µ1 6= µ2, because the maximal entanglement
decreases in such an instance (see Fig. 1). This analysis shows that the average
logarithmic negativity E¯N is a reliable estimate of the logarithmic negativity EN ,
improving as the entanglement increases. This allows for an accurate quantification
of CV entanglement by knowledge of the global and marginal purities. The purities
may be in turn directly measured experimentally, without the full tomographic
reconstruction of the whole CM, by exploiting quantum networks techniques [30]
or single–photon detections without homodyning [31, 32].
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Fig. 3: Maximal and minimal logarithmic nega-
tivity as functions of the global and marginal pu-
rities of symmetric Gaussian states. The darker
(lighter) surface represents GMEMS (GLEMS).
Fig. 4: Plot of relative error δE¯N on the
average logarithmic negativity as a func-
tion of the ratio µ/µi (µ = 0.5).
3.5. Entanglement vs Information (IV) – Extremal entanglement at
fixed global and local generalized entropies
In this section we introduce a more general characterization of the entanglement
of two–mode Gaussian states in terms of the degrees of information, by exploiting
the generalized Tsallis p−entropies
Sp ≡ 1− Tr ̺
p
p− 1 , p > 1, (25)
as measures of global and marginal mixedness. Such an analysis can be carried
out along the same lines of the previous section, by studying the explicit behavior
of the global invariant ∆ at fixed global and marginal entropies, and its relation
with the logarithmic negativity EN . Let us remark that the Sp’s can be computed
for a generic Gaussian state in terms of the symplectic eigenvalues [18], namely
Tr ̺p =
n∏
i=1
gp(νi) , gp(x) =
2p
(x+ 1)p − (x− 1)p . (26)
We begin by observing that the standard form CM σ of a generic two–mode
Gaussian state Eq. (4) can be parametrized by the following quantities: the two
marginals µ1,2 (or any other marginal Sp1,2 because all the local, single-mode
entropies are equivalent for any value of the integer p), the global p−entropy Sp
(for some chosen value of the integer p), and the global symplectic invariant ∆.
After somewhat lengthy but straightforward calculations (the details can be
found in Ref. [18]), one finds that the entanglement is still bounded from above
and from below by functionals of the global and marginal p−entropies, and the
two extremal classes of states are again the nonsymmetric squeezed thermal states
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(GMEMS) and the mixed states of partial minimum uncertainty (GLEMS). Nev-
ertheless, the seralian ∆ is no longer monotonically related to the entanglement of
the state, at fixed generalized entropies. In particular, for any p > 2 (i.e. with the
exception of the linear and Von Neumann entropies), there exists a unique nodal
surface Snp (Sp1,2) such that
∂ ν˜−
∂∆
∣∣∣∣
Sp1 ,Sp2 ,Sp
is


> 0, when Sp > Snp (Sp1,2) ;
= 0, when Sp = Snp (Sp1,2) ;
< 0, when Sp < Snp (Sp1,2) .
(27)
While in the first case of Eq. (27) GMEMS and GLEMS retain their property
of being, respectively, maximally and minimally entangled Gaussian states for
fixed degrees of information, in the last case they exchange their role: two–mode
squeezed states become minimally entangled states for fixed p−entropies, and the
states of partial minimum uncertainty are those with maximal entanglement. Even
more remarkably, the entanglement of all Gaussian states (including GMEMS,
GLEMS and infinitely many other different states) whose p−entropies lay on the
nodal surface of inversion Sp = Snp (Sp1,2), does not depend on ∆ and is therefore
completely quantified in terms of the global and marginal generalized degrees of
information. Thus the state parametrization by the Tsallis p−entropies (and, pre-
sumably, by the companion family of the Re´nyi entropies [33] as well), provides a
remarkable inversion between GMEMS and GLEMS, and allows to identify a class
of Gaussian states whose entanglement is quantified exactly by the knowledge of
the global and marginal degrees of information. Moreover, even outside the nodal
surface of inversion, the gap between maximal and minimal entanglement for fixed
p−entropies decreases with increasing p, so that the accuracy of the quantitative
estimate of the logarithmic negativity as a function of the p−entropies increases
accordingly, as shown in Fig. 5. Despite this interesting features, measurements
of purity, or equivalently of linear entropy (p = 2), remain the best candidates for
a direct estimation of CV entanglement in realistic experiments. This is due to
the fact that measuring the global p−entropy (p 6= 2) of a state requires the full
tomographic reconstruction of the whole CM, thus nullifying the advantages of the
analysis presented in Sec. 3.4..
4. Quantification of multimode entanglement under symmetry
For two–mode Gaussian states of CV systems we have shown that the measure-
ment of the three purities (or generalized entropies), out of the four independent
standard form covariances, suffices in providing a reliable quantitative character-
ization of the entanglement. It is intuitively evident that the efficiency of such a
quantitative estimation in terms of information entropies should improve signifi-
cantly with increasing number N of modes, because the ratio between the total
number of covariances and the total number of global and marginal degrees of
Entanglement, Purity, and Information Entropies in Continuous Variable Systems 13
(a) (b)
(c) (d)
Fig. 5: Lower and upper bounds on the logarithmic negativity of symmetric Gaussian states
as functions of the global and marginal generalized p−entropies, for (a) p → 1 (von Neumann
entropies), (b) p = 2 (linear entropies), (c) p = 3, and (d) p = 4. The darker (lighter) surfaces
represent GMEMS (GLEMS). Notice that for p > 2 GMEMS and GLEMS surfaces intersect
along the nodal inversion line (meaning they are equally entangled along that line), and beyond
it they interchange their role.
information quickly scales with N . Moreover, the structure of multipartite en-
tanglement that can arise in multimode settings is much richer than the basic
bipartite CV entanglement. Here we briefly discuss the simplest multipartite set-
ting in which the purities again successfully bound the entanglement with great
accuracy.
We consider highly symmetric (N +1)-mode Gaussian states of generic single-
mode systems α coupled to fully symmetric N -mode systems σβN , resulting in a
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global CM σ of the form
σ=
(
α Γ
ΓT σβN
)
, σβN =


β ε · · · ε
ε β ε
...
... ε
. . . ε
ε · · · ε β

, Γ = (γ · · · γ︸ ︷︷ ︸
N
) . (28)
The state σ is determined by six independent parameters, three of which are
related to the fully symmetric N -mode block σβN (or, equivalently, to any of
its two–mode subblocks σβ2). The remaining parameters are determined by the
single-mode purity µα ≡ (Detα)−1/2 and by the two global Sp(2N+2,R) invariants
Detσ ≡ 1/(µ2σ) =
∏N+1
i=1 ν
2
i and ∆σ ≡ ∆α + ∆βN =
∑N+1
i=1 ν
2
i . Here µσ is the
global purity of the state σ, the νi’s constitute its symplectic spectrum, ∆α ≡
Detα+ 2NDet γ, and ∆βN ≡ N(Detβ + (N − 1)Det ε).
To compute the multimode 1×N logarithmic negativity of state σ between the
mode α and the N -mode block σβN , it is convenient to perform the local symplec-
tic operation that brings σβN in its Williamson normal form, which is characterized
by a (N −1)-times degenerate eigenvalue ν− =
√
(b− e1)(b− e2) (the same small-
est symplectic eigenvalue of the two–mode subblock σβ2) and a nondegenerate
eigenvalue ν+(N) =
√
(b+ (N − 1)e1)(b+ (N − 1)e2) = 1/(νN−1− µβN ), where µβN
is the purity of the N -mode fully symmetric block [16]. The crucial point here
is that this local operation actually decouples the mode α from all the (N − 1)
modes corresponding to the eigenvalue ν− and concentrates the whole 1 × N en-
tanglement between only two modes. The state Eq. (28) is thus brought in the
form σ =
(
σeq 0
0 ν−
)
, where ν− is a diagonal (2N − 2)× (2N − 2) matrix with
all entries equal to ν−, and the equivalent two–mode state σ
eq is characterized by
its invariants
µeq1 = µα, µ
eq
2 = ν
N−1
− µβN , µ
eq = νN−1− µσ, ∆
eq = ∆α+(ν
N−1
− µβN )
−2 . (29)
These invariants are, in turn, determined in terms of the six invariants of the
original N -mode state σ, but we can exploit the previous two–mode analysis (see
Sec. 3.4.) to conclude that, even without the explicit knowledge of ∆eq, and so of
the coupling Det γ, the multimode entanglement under symmetry can be quantified
through the average logarithmic negativity Eq. (23) of the equivalent state σeq,
with the same accuracy demonstrated for generic two–mode states (see Fig. 4).
Thus the degrees of information of a multipartite Gaussian state again provide
a strong characterization and a reliable quantitative estimate of the entanglement.
Moreover, the method of the two–mode reduction can be used to compute the
1×K entanglement between the mode α and any K−mode subblock of σβN , with
K = 1, . . . , N , in order to establish a multipartite entanglement hierarchy in the
(N + 1)-mode state of the form Eq. (28) [34].
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5. Summary and Outlook
In this work we aimed at unveiling the close relation between the entanglement
encoded in a quantum state and its degrees of information. We have shown in de-
tail how the knowledge of the global degree of information alone, or of the marginal
informations related to the subsystems of a multipartite system, results in a qual-
itative characterization of the entanglement: the latter increases with decreasing
global mixedness, with increasing marginal mixednesses, and with marginal mixed-
nesses as close as possible. We then proved how the simultaneous knowledge of
all the global and local degrees of information of a Gaussian state leads to the
identification of extremally (maximally and minimally) entangled states at fixed
mixednesses (purities or generalized information entropies), providing an accurate
quantitative characterization of CV entanglement. It is worth remarking that,
out of the subset of Gaussian states, very little is known about entanglement and
information in generic states of CV systems. Nevertheless, most of the results
presented here (including the sufficient conditions for entanglement based on in-
formation measures), derived for CM’s using the symplectic formalism in phase
space, retain their validity for generic states of CV systems. For instance, any
two-mode state with a CM corresponding to an entangled Gaussian state is itself
entangled too [35]. So our methods may serve to detect entanglement in a broader
class of states of infinite-dimensional Hilbert spaces.
The generalization of this analysis, connecting entanglement and information,
to highly symmetric multimode Gaussian states of 1×N -mode partitions has been
briefly sketched, presenting a simple method to estimate CV multimode entangle-
ment by measurements of purity in an equivalent two–mode state. The extension of
this method to the quantification of multipartite entanglement in Gaussian states
with respect to generic M ×N bipartitions of the modes [36], as well as a deeper
understanding of the structure of genuine multipartite CV entanglement [37] and
its relation with multiple degrees of information beyond the symmetry constraints,
are being currently investigated.
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